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Abstract A model describing the phase transition from the L~
or Lp phase to the modulated

Pp "rippled" phase in a
bilayer membrane is considered within mean-field approximation. The

coupling between the curvature and the asymmetry in the area per molecule
can

destabilize the

flat phase by releasing its frustration energy. We obtain the pressure-temperature phase diagram
which qualitatively accounts for part of the pressure experiment of DPPC in excess water. The

existence of the modulated structure within our model is also confirmed by a cell dynamical
simulation.

Properties of membranes with high flexibility are of current interest in connection with

the statistical physics of fluctuating surfaces and biophysics of organic membranes [1]. Lipid
bilayers constitute a rich set of physical and biological systems, exhibiting a wide variety of

behavior under varying circumstances. One well-known fact about such systems is the presence
of a first-order phase transition associated with the melting of the hydrocarbon chains, separat-
ing a high-temperature disordered fluide phase called the La and a low-temperature ordered

gel phase called the Lp phase. Between these two flat phases, an intermediate structurally
modulated ("rippled") phase has been detected in a few phospholipids. This phase is termed

the Pp phase and has stimulated considerable theoretical interest [2-5] as well as several related

experimetal investigations [6].
In this article, we shall present a simple but physically clear explanation of the ripple for-

mation mechanism by considering the combines effect of a curvature instability [7-9] and a

frustrated flat bilayer [10-13]. The former accounts for the possible destabilization of the

membrane shape by introducing coupling between the curvature and the internal degrees of

freedom, such as, the local composition. On the other hand, a flat bilayer composed of two

identical amphiphilic monolayers with finite spontaneous curvature is always energetically frus-

trated and can be also destabilized. In the case that the bilayer is composed of
a mixture of

two surfactants, for instance, the allowed asymmetries in the local composition can lead to a
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spontaneous vesicle formation [14].
As far as the Pp phase is concerned, both of these aspects are expected to play an important

role. In the physical picture we consider, the local curvature and the asymmetry in the area per
molecule are coupled. The area per unit molecule represents the order parameter describing

the main transition. We obtain a pressure-temperature phase diagram within the mean-field

theory. Our results qualitatively reproduce part of the phase diagram obtained in recent

pressure study on water-rich compositions of DPPC [15]. In order to confirm the existence of

the modulated structure in the expected region of the phase diagram, we have also performed

a cell dynamical simulation of the present model [16].
We shall first discuss the main transition between the La and Lp phases, in which the

discontinuous jump in the area per molecule S can be typically observed. According to the

pressure-area phase diagram of monolayers of phospholipids determined by the film balance

technique [17], typical values of the critical temperature, lateral pressure, and area per molecule

are T~ =
42

+~
44 °C, fl~

=
47

+~
50 dyn/cm, and S~

=
40

+~
50

l~, respectively. Although
this critical point has been identified as a tricritical point forming a junction between a first

order and a second order transition curve [17], we assume here, for simplicity, that the main

transition can be represented within the framework of the van der Waals theory of ordinary gas-
liquid phase transitions near the critical point. As a convenient set of independent variables,

we use the temperature T and n, where n =
I IS is the number of molecules per unit area.

The dimensionless molecular density, #
=

(n n~)/n~, is taken here as the order parameter.

By using the notation r =
(fl fl~)/fl~ and t

=
(T T~)/T~, the equation of state near the

critical point can be written as

r =
bt + at# + B#~, (l)

with dimensionless constants b > 0, a > 0 and B > 0 [18]. When t < 0 and r =
bt, the

L~ (#
=

-(-at/B)~/~) and Lp (#
=

(-at/B)~/~) phases coexist. Equation (I)
can be obtained

by minimizing the thermodynamic potential per molecule 4l
= e

-(r bt)# + )at#~ + (B#~
with respect to #, where e is some molecular energy of order S~H~. The inhomogeneity in the

monolayer can be conveniently taken into account by another potential which relates to some

chosen and specified area A in the monolayer, consisting of a variable number of molecules.

Upon keeping in mind that r is then a function of temperature and chemical potential, we

consider the following Ginzburg-Landau type Hamiltonian in the unit of energy scale e/S;

HGL
=

/
dA I-(r bt)# + at#~ + B#~ +

(i7#)2)
,

(2)
2 4 2

with g > 0.

Up to this point, we have described the properties of a monolayer membrane. We now turn

our attention to bilayer. By introducing the suffices 1 and 2 associated with each monolayer,

we assume that the main transition of the bilayer is simply represented by

Hi
=

/
dA ~j I-(x bt)#~ + at#( + Bit + g (V#I)~ (3)

~=i,2
~ ~ ~

In general, when considering a particular such bilayer, one must take into account its interaction

with neighboring bilayers [3]. In this paper, however, we consider water-rich systems for which

such interactions are negligible [4, 5].
The total curvature bending energy per unit area of the two monolayers comprising the

bilayer is [11, 12]

Hb
= Jc

~j (c(° cil)~, (4)
2

~
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where Jc is the bending rigidity, and c(~) and (~~ denote the mean curvature multiplied by 2

and the spontaneous curvature of the I-th monolayer, respectively. If two monolayers are set

apart, the curvature energy (4) takes its minimum value 0 by adopting their curvatures to

c(~)
=

c(° independently. In the case of bilayer, however, the curvatures of each monolayer

have the same magnitude but opposite signs, c(~)
=

-cl~)(e c), due to the fact that they are

stuck together [12, 13]. Suppose both monolayers are characterized by the same spontaneous

curvature co. Then the curvature energy (4) can be minimized at c =
0, but this flat bilayer still

has an energy Jcc(. This frustration energy can be decreased if an asymmetry in the spontaneous

curvature exists, and turns out to vanish when c = c(~~ =
-c(~~. The reason why mixed vesicles

can be energetically stabilized follows from the above argument [11-13]. As was considered by
MacKintosh and Safran [13], we assume here the following simple linear dependence of the

spontaneous curvature on the order parameter: ci~
=

$ ~/#~, where ~/ is a constant, and j

is the spontaneous curvature when #~ =
0.

The shape energy of the bilayer integrated over the total area A is then

H2= /dAl2a+jJc((c-ci~~)~+ (c+c/~)~j), (5)

in the energy scale e/S as before. In the above, a non-zero constant surface tension a
has

been included by assuming that the Shulman condition is not satified for the area per molecule

under consideration [19].
While allowing the bilayer to curve, we consider the case in which its shape is close to planer

without any overhangs or discontinuities. If we use a single valued function £(z,g) which

measures the displacement of the bilayer from a flat reference xv-plane (Monge representation),
the total Hamiltonian H is

H =Hi + H2

=
dzdg (a(Vi)~ + Jc (V~i)~ + 2Jc~/#- (V~£)

/

+g (v#+)~ + (vi- )~ + f (#+, #- )j ,

(6)

with

f (#+, #-
=

-2(x bt)#+ + at (#( + #~ + B #( + 3#(#~ + #~
,

(7)
2 2

where #~
=

(#2 ~ ii /2. Here we have eliminated the terms which merely shift the criti-

cal point. The degree of freedom (£)
can be traced out by performing a Gaussian integral

J D(£) exp (-H/kBT) [8]. If we expand up to the forth order in the wave number, the effective

Hamiltonian becomes

H~w
=

/
dzd» ljz (vi-)~ + jK iv21-)~ + g

(vi+)~ + i (i+, i-)j
,

(8)

where Z
=

2 (g Jc~~/~ la)
,

and K
=

2 (~~~/~ la2) The necessary condition for the presence of

the modulated phase is Z < 0 [3].

Hereafter we shall use the reduced notations; x'
=

(1/B) (2BK/22)~~~ x, T =
(2K/22) at,

m~ =
(2BK/22)~~~#~, b'

=
(lla) (2BK/22)~~~b, g'

=
(-2/Z)g and V'

=

(-K/Z)~/2V.
The effective Hamiltonian (8) is minimized with respect to the reduced order parameters at

~
~*

~ ~,
0

=

(x' b'T) + (g'V'~ T 3mf~) mj mj~, (9a)
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0
=

(-i7'~ i7'~
T 3m)~) ml mf~ (9b)

The constant solution m[
=

0 is lineally stable when

lx' b'T( >

~) ~ ~~
(10)

12

~~~

12

In particular, if T < -1/8, the main transition between the L~ and Lp phases occurs by
changing x'. At x'

=
b'T, the reduced mean order parameter m+ takes the uniform values

m[
=

~(-T)~/~, being of equal energy, and the L~ and Lp phases coexist.

Let us consider the parameter region where m[
=

0 is unstable, namely, when (10) is not

satisfied. If we assume that (m(( is sufficiently small, or more precisely, 3 (m((~ < 1/4 T,
(9b)

now has a stable modulated solution for which orientational symmetry is broken. Close

to the critical point of the homogeneous system T =
0, the above condition is well satisfied. To

first order in (1- 4T)~/~, this solution is given by [20]

ml m (1 4T)~/~ cos
(z'll)

,

(11)

where z' is chosen along the axis parallel to the wave vector of the modulation. The modulation

of mL will induce a modulation of the local curvature corresponding to the rippled Pp phase.
When g is sufficiently small, m[ is also periodic along z' with approximately half the wave

length of m[

Accordingly, after taking the spacial average, we obtain the isotherm as a function of (m[)
for a given

~ as

~i
=

~'~ ~ ~ ~~~~ ~ ~~~~~ ~~' ~'~~ ~
~~~ ~~~

~~~~ ' (i~)

b'T +
~ ~~ (m[) + (m[)~ otherwise.

8

Here we have defined (m[)
as the average of absolute maximum and absolute minimum

values of m[. Figure shows the phase diagram in the (T, (m[))-plane obtained from (12).
It is remarkable that the Pp phase appears as an intermediate phase in the temperature range
-1/8 < T < 1/4. In figure 2, the same phase diagram is shown in the (x', T)-plane with b'

=
1.

Three first order transition lines join together at the triple point x'
= T =

-1/8. Under the

condition 3 (m[(~ « 1/4 T, the isotherms (12) are discontinous and cannot be precisely
determined in the coexistence region. In the present phase diagrams, we have assumed that

the coexistence of the Pp phase and the two flat phases occurs when the equality in (lo) holds.

Although we are confident that the transition should be continuous near the critical point
(T

=
1/4), and thus that there exists a tricritical point connecting the first and second order

transition lines, it is difficult to determine the precise position of this point within the present
approximation and it is hence omitted in figure 2.

In order to confirm the existence of the modulated structure as an equilibrium pattern, we

performed a cell dynamical simulation [16]. We start from a random initial configuration and

impose periodic boundary conditions. Figure 3 exhibits a typical fully developed profile of

m-
ix, g) for which the parameters are chosen from the Pp phase region in the phase diagram.

If the parameters corresponding to either the L~ or Lp phase are used, m+ simply reaches a

finite uniform value, and no asymmetry appears (m-
m

0). Although we used the cell dynam-
ical method only to obtain the stationary profiles of m~, their time evolution might be also

interesting to investigate. Detailed results of the simulation will be reported elsewhere.
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Fig. 1. Phase diagram in the (T, < m[ >)-plane where
T

is the reduced temperature and < m[ >

is the spatial average of the reduced mean molecular density. The Pp phase appears as an intermediate

phase in the temperature range -1/8 < T < 1/4. The direct transition between the La and Lp phases
is also seen for

T < -1/8. Two-phase coexistence regions between the three single phases are indicated

by La + Pp etc.

Fig. 2. The same phase diagram
as

in figure I, in the (x', T)-plane where x' is the reduced lateral

pressure. Here we have set b'
=

I. Three first order transition fines join together at the triple point
x'=

T =
-1/8.

As regards the relevance to the previously existing theories, the mechanical origin of the

periodic structure in the model by Honda and Kimura [4, 5] differs from that in ours since we

have assumed that the membrane has a small but non-vanishing surface tension. Meanwhile our

work corresponds to a natural extension of those of Leibler and Andelman [8], and MacKintosh

and Safran [13] to the bilayer and non-local cases, respectively. In fact, Leibler and Andelman

argued the Pp phase in terms of one scalar order parameter coupled to the local curvature

[8], whereas our theory includes two order parameters, namely, #+ controlled by the lateral

pressure and #- coupled to the curvature. The resulting main difference turns out that the

regular 2-dimensional modulated structure having the symmetry of a hexagonal phase [8] does

not show up in the whole parameter space, and hence only Pp phase appears just between

the two flat phases. This can be interpreted as follows. The total Hamiltonian should be

invariant under the exchange of the two monolayers or, in other words, #-
-

-#-. Therefore

the linear term in #- is absent in (6), corresponding to the vanishing chemical potential case

in reference [8] so that only the stripe phase is relevant as a modulated phase. Although these

aspects of the bilayer have been also discussed in the references [I1-13], they only considered

the transition between the homogeneous lamellar and vesicle phases.
As a generalization of our model, we could also introduce an external field conjugate to #-,

for example, a uniform bending force that breaks the bilayer symmetry. Then it would be

interesting to consider a phase diagram in a higher dimensional parameter space, such as the
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m

x Y

Fig. 3. Typical fully developed ripple pattern of the reduced molecular density asymmetry m-
(~, y)

obtained by the cell dynamical simulation with periodic boundary conditions. The simulation has been

started from
a

random initial configuration. The used parameters are chosen from the Pp phase region
in the phase diagram.

temperature and two external fields coupled to #~. The phase diagram presented in figure 2

can be viewed as one particular cross section of such a generalized phase diagram. Another

extension is to consider the coupling effect between the monolayers. This can be done by
including additional terms in the Hamiltonian, such as

#+#2
,

in accordance with the allowed

symmetry. The addition of such terms may introduce an asymmetry, but is not expected to

dramatically change the phase diagrams [13].
Figure 2 reproduces part of the phase diagram obtained in recent pressure study on water-

rich compositions of DPPC by Krishna Prasad et al. [15]. From the experimental point of

view, the lateral pressure in a bilayer system is not as easily controlled as that in a
(Langmuir)

monolayer system since bilayers are often formed in a solvent, while monolayers are formed at

a liquid-air interface [17]. In reference [15], the hydrostatic pressure rather than the lateral

pressure was changed. One possibility to control the lateral pressure in a bilayer may be found

in the micropipet technique of Needham and Evans [21].
Finally, it should be mentioned that our model does not account for the orientational degree

of freedom of lipid molecules with respect to the membrane surface in the rippled phase. This

degree of freedom gives rise two possible phases. In addition to the Pp phase we have assumed

throughout this paper in which the lipids are aligned orthogonally to the membrane, there may
be a Pp, phase in which the lipids are not so aligned. In fact, there are several experiments and

models which suggest that the Pp, phase does indeed exist [22-25]. From our point of view,
however, the real molecular structure of the rippled phase is an open question [26, 27]. In this

paper we have tried to suggest the minimal ripple formation mechanism in bilayers. Extending
the model by considering a vector field order parameter, it should be possible to describe the

tilting effect or defect structure.

In summary, we have discussed the phase transition from the La or Lp phase to the mod-

ulated Pp phase in a bilayer membrane within mean-field approximation. We obtained a

pressure-temperature phase diagram which qualitatively reproduces part of the phase diagram
obtained in recent pressure studies of bilayers. The cell dynamical simulation of our model
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also demonstrates the existence of the modulated structure as an equilibrium pattern under

certain conditions.
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