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ABSTRACT: We analyze the translocation process of a spherical
vesicle, made of a membrane and incompressible fluid, through a
hole smaller than the vesicle size, driven by pressure difference ΔP.
We show that such a vesicle shows certain universal characteristics,
which are independent of the details of the membrane elasticity: (i)
there is a critical pressure ΔPc below which no translocation
occurs; (ii) ΔPc decreases to zero as the vesicle radius R0
approaches the hole radius a, satisfying the scaling relation
ΔPc ∼ (R0 − a)3/2; and (iii) the translocation time τ diverges as
ΔP decreases to ΔPc, satisfying the scaling relation τ ∼ (ΔP −
ΔPc)−1/2.

1. INTRODUCTION
A vesicle is a fluid droplet covered by a membrane. Vesicles
play crucial roles in material transport in living systems.
Artificial vesicles made of amphiphilic copolymers, called
polymersomes, have been developed and are used as a capsule
of drugs or RNA fragments.1−5 Translocation of such objects
through a constriction is ubiquitous in many biological and
biotechnical systems, such as blood flow, cell circulation, drug
delivery, and cell manufacturing.6−12

Many theoretical studies and simulations have been done for
vesicle translocation,13−18 but our understanding for these
phenomena is still far from complete. One reason is that there
exist many types of membranes (lipid membranes, polymer
membranes, and cell membranes), and it is difficult to
construct a general theory valid for all vesicles. Indeed, various
models have been used in the past. In the early works,13,18 it
was assumed that the vesicles have a constant surface area but
variable volume (as the fluid can permeate through the
membrane). In recent works, alternative models have been
used in which the vesicle has a constant volume but a variable
surface area.14,19,20 Another important difference is whether
the membrane is a fluid, which has zero shear modulus in the
plane, or an elastic sheet, which has a non-zero shear
modulus.21 In most of the previous works, the membrane
has been assumed to be a fluid membrane, but an elastic
membrane, often called the tethered membrane, exists and is
important in many biological systems. Translocation of such
membranes has been studied recently by computer simu-
lations.15

In this work, we develop a theory for vesicle translocation
using a model that can include a large class of membranes,
such as fluid membranes, tethered membranes, and composite
membranes. The model assumes that (i) the elastic energy of

the membrane is due to the in-plane stretching of the
membrane (i.e., the bending energy of the membrane is
ignorable), (ii) the volume of the vesicle is kept constant
during translocation (i.e., the fluid permeation through the
membrane is ignorable), and (iii) the vesicle takes a spherical
shape outside of the hole. We show that, if a vesicle satisfies
these conditions, its translocation behavior has certain
universal characteristics, which are independent of the details
of the membrane property.
The outline of the article is as follows: In the Methods

section, we discuss the general form of the free energy of a
stretchable membrane model and give two specific models: (i)
fluid membrane model and (ii) rubber membrane model. The
time-evolution equation for the vesicle during translocation is
derived. In the Results and Discussion section, we show the
free energy profile for the translocation process and calculate
the critical pressure needed to cause the translocation. We next
show that there is certain universality in the critical pressure
and the translocation time. We also summarize the
assumptions used in our work and compare our main findings
to previous simulation works. Finally, we conclude in the last
section.

2. METHODS
2.1. General Membrane Model. We consider a spherical vesicle

consisting of a membrane and inner fluid. The membrane can be a
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single layer of amphiphilic molecules (uncross-linked or cross-linked
polymers as in polymersomes) or composite membranes made of a
fluid layer and elastic networks (as in plasma membranes).

We regard the membrane as a two-dimensional (2D) surface,
described by a three-dimensional (3D) position vector r(s1, s2), where
s1 and s2 are the 2D coordinates, which are defined in the reference
state and identify a point in the membrane. We assume that, in the
reference state, ∂r/∂s1 and ∂r/∂s2 are unit vectors orthogonal to each
other [when we use the spherical coordinate (θ, ψ), s1 and s2 can be
written as s1 = R*θ and s2 = (R* sin θ)ψ, where R* is the radius of the
sphere). We assume that the membrane is homogeneous and isotropic
in the tangential plane. We also assume that the membrane is thin and
ignore the bending energy. The elastic energy of the membrane is
therefore due to the in-plane membrane stretching and can be
characterized by the function f(λ1, λ2), where λ1 and λ2 are the
principal values of stretching and f(λ1, λ2) is the elastic energy per unit
area in the reference state [λ1 and λ2 are given by the square root of
the eigenvalues of the 2 × 2 matrix Bij = (∂r/∂si)·(∂r/∂sj) with i and j
= 1 and 2]. The total elastic energy functional of the membrane is
given by the integral of f(λ1, λ2) over the entire surface.

s s s s fr( , ) d d ( , )1 2 1 2 1 2[ ] = (1)

The equilibrium state of the membrane is calculated by minimizing
this functional with respect to r(s1, s2).

For fluid membranes having zero 2D shear modulus, the free
energy of the membrane depends upon the area per molecule, and
therefore, f(λ1, λ2) depends only upon the area change ratio λ1λ2. In
this work, we consider the following model energy:

f
k

( , )
2

( 1)FM 1 2
a

1 2
2= (2)

where ka is the elastic constant, which has the same dimension as the
surface tension.

For elastic (or tethered) membranes, f cannot be written in the
form of eq 2 because they experience restoring force caused by shear
strain λ1 − λ2. As an example, we consider the following neo-Hookean
model,22 which has been extensively used as a model of a rubber
membrane (such as balloons):

f
d

( , )
2

( ) 3RM 1 2 1
2

2
2

1 2
2= [ + + ] (3)

where μ is the 3D shear modulus of the rubber and d is the thickness
of the membrane. We call such a membrane a rubber membrane.
2.2. Free Energy of a Vesicle under Translocation. We now

consider the situation that such a vesicle is forced to pass through a
hole of radius a made in a wall at the boundary between two
chambers 1 and 2, as shown in Figure 1. Initially, the vesicle has a
spherical shape of radius R* (Figure 1c), and it is inflated to have a
radius R0 by some methods (e.g., osmotic swelling or injection)
(Figure 1b). We use the swelling ratio defined by η = R0/R* ≥ 1. The

pressure in each chamber is P1 and P2, and the vesicle is pushed by the
pressure difference ΔP = P1 − P2 > 0. During the translocation, the
vesicle takes a double spherical cap shape, each having volume V1 and
V2 (Figure 1a). Because the membrane is assumed to be impermeable
to the fluid during the passage, the total fluid volume V0 = V1 + V2 =
4πR0

3/3 remains unchanged. Let S1 and S2 be the areas of the
membrane in each chamber. Because the membrane can be stretched,
the total area of the membrane S = S1 + S2 can vary. To describe the
transport of the membrane, we introduce the membrane mass M1 and
M2 in each chamber. The total mass M0 = M1 + M2 remains constant,
but the membrane mass density Mi/Si (i = 1 and 2) in each chamber
changes in time.

Given the free energy functional, such as eq 1, the free energy of
the vesicle is uniquely determined as a function of Mi and Vi and is
written as

G A M V A M V PV P V( , ) ( , )1 1 2 2 1 1 2 2= + + + (4)

where A(Mi, Vi) is the minimum of the functional s sr( , )1 2[ ] subject
to the constraint that the membrane has mass Mi and includes fluid
volume Vi and that its circular edge is fixed to the hole of radius a. In
eq 4, contributions from the internal pressure Pint of the vesicles,
written as Pint(V1 + V2), are eliminated as a result of the constant V0 =
V1 + V2. In the following, we calculate A(Mi, Vi) explicitly for a fluid
membrane and a rubber membrane.

2.2.1. Fluid Membrane. We first consider the fluid membrane
model. The fluid membrane at equilibrium always takes a spherical
cap shape with a constant curvature. Therefore, the area change ratio
λ1λ2 in eq 2 is equal to Si/Si* in each chamber, and the integral of eq 2
can be written as Si*f(Si/Si*). The total free energy can be written as

G M V
k S V S M

S M
k S V S M

S M

PV P V

( , )
2

( ) ( )
( ) 2

( ) ( )
( )i i

a 1 1 1 1
2

1 1

a 2 2 2 2
2

2 2

1 1 2 2

= [ * ]
* + [ * ]

*

+ + (5)

where Si* = 4π(R*)2Mi/M0 is the area of the membrane of mass Mi in
the reference state (Figure 1c). The surface area Si is determined by
the condition that the spherical cap has volume Vi and its edge is fixed
to a circle of radius a. This condition leads to Si = π(a2 + hi

2), where hi
is the solution of the equation Vi = πhi(3a2 + hi

2)/6 for given Vi.
Therefore, the energy of the fluid membrane can be expressed in
terms of Mi and Vi.

Because V0 = V1 + V2 and M0 = M1 + M2 are constant, the total free
energy G can be expressed as a function of V2 and M2. We define the
following dimensionless quantities:

x
M
M

y
V
V

1
2

,
1
2

2

0

2

0
= =

(6)

and write the total free energy as

Figure 1. (a) When a vesicle is translocating through a hole of radius a, it takes a double spherical cap shape. The volume of the vesicle in each
chamber is V1 and V2, and the area and mass of the membrane in each chamber are Si and Mi (i = 1 and 2), respectively. (b) Outside of the hole,
the vesicle takes a spherical shape of volume V0 = V1 + V2. The parts of the membrane that are in chamber 1 or 2 in the state a are shown by
different colors. (c) Vesicle in the reference state where the vesicle takes a spherical shape of radius R*. The stretching λi of the membrane is
defined by the length change with respect to this state. Notice that the volume V0 in the state b is generally different from the volume V* = V1* +
V2* in the state c.
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where S* = S0/η2 and η = R0/R* is the swelling ratio. In addition, S2/
S0 can be derived from the geometric relation for a spherical cap, as
mentioned above, and becomes

S y a R
S

a R a R( , / ) ( / )
4

( / )

4 4
2 0

0

0
2

0
4

2/3

2/3

= + +
(8)

where

y a R y a R y( , / ) 4( 1/2) ( / ) 16( 1/2)0 0
6 2= + + + + (9)

Similarly, S1(y, a/R0)/S0 is obtained by replacing y with −y in the
above equation.
2.2.2. Rubber Membrane. We next consider the rubber membrane

whose free energy is given by eq 3. To calculate the elastic free energy,
we first focus on the spherical cap in chamber 2, which has the surface
mass M2 and is initially a part of the equilibrium vesicle of radius R*.
Then, it is fixed to the hole of radius a and is inflated to the volume
V2, as shown by the yellow curve in Figure 1a.

Exact calculation of the elastic energy for such deformation is
difficult for a rubber membrane. Here, we use an approximation and
assume that the membrane takes a spherical shape of curvature 1/R2,
as shown in Figure 2. Then, a point located at a polar angle θ on the

sphere of radius R* in the reference state will move to a point located
at a polar angle ψ(θ) on the inflated sphere of radius R2. This
deformation elongates the line segment along the θ direction by factor
R2dψ/R*dθ and the line segment perpendicular to this direction by
factor R2 sin ψ/R* sin θ. Hence, the principal values of stretching in
chamber 2 are given by

R
R

R
R

d
d

,
sin
sin21

2
22

2= * = * (10)

To determine the functional form of ψ(θ), we assume that the surface
area of the membrane changes uniformly by deformation, such that
λ21λ22 is constant (independent of θ). This condition gives

sin
sin

d
d

constant=
(11)

From this relation, we have

1 cos
1 cos

1 cos
1 cos

all

all

=
(12)

where θall and ψall are the maximum values of θ and ψ, respectively,
which are given by (see Figure 2)

xarccos( 2 )all = (13)
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Here, R2(y)/R0 can be derived from the geometric relation for a
spherical cap, S2 = 2πR2h2, where h2 is the solution of the equation V2
= πh22(3R2 − h2)/3. On the other hand, S2(y, a/R0)/S0 is given by eqs
8 and 9. Then, the same calculation can be done for the membrane in
chamber 1.

The total energy of deformation can be expressed by the integrals
over θ

G x y d
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Although the above integrals can be performed analytically, it is too
lengthy to present the result here.
2.3. Time-Evolution Equation. If the free energy of the system is

expressed as a function of x and y, the time evolution can be discussed
in the same way as in the previous works.20 Here, it is important to
note that the characteristic times of x and y are quite different from
each other. The membrane mass transport is governed by the solid
friction of the membrane sliding against the hole, while the fluid
volume transport is governed by the fluid flow through the hole.
Because the fluid friction is much smaller than the solid friction, the
relaxation time of y is much smaller than that of x. Therefore, we may
assume that y is at equilibrium for a given value of x. Hence, y is
determined by the condition

G x y
y

( , )
0=

(16)

Let y = y*(x) be the solution of this equation. The total free energy is
therefore written as a function of x only, and we write it as

G G x y x( , ( ))x* = * (17)

Then, the time-evolution equation for x is written as

x x
t

G
x

( )
d
d

d
d

x=
*

(18)

where ξ(x) is the friction coefficient representing the solid friction for
the membrane sliding at the hole rim.

3. RESULTS AND DISCUSSION
3.1. Free Energy Profile. Figure 3 shows an example of

Gx* calculated for a fluid membrane whose free energy is given
by eq 7. When there is no pressure difference, i.e., when ΔP =
0, Gx* has a peak at x = 0. When a small pressure is applied,
Gx* has a local minimum in the region of x < 0. This
corresponds to the situation that the vesicle is trapped by the
hole. By the further increase of ΔP, the local minimum
becomes unstable (see the curve of ΔPR0/ka ≈ 0.18 in Figure
3). The vesicle translocates from chamber 1 to 2 above this
critical pressure difference.
3.2. Critical Pressure for Translocation. The above

argument shows that the critical pressure difference ΔPc is
determined by the following condition for general membranes

G
x

G
x

d
d

d
d

0x x
2

2

*
=

*
=

(19)

Figure 2. Schematic illustration of the rubber membrane model.
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Although ΔPc can be obtained by solving eq 19, the calculation
becomes somewhat cumbersome. However, there is a simpler
way of calculating ΔPc.
We consider the function Gy* = G(x*(y), y), where x*(y) is

the solution of ∂G(x, y)/∂x = 0. In Appendix A, we show that
the critical state can also be obtained by solving the following
equation:

G

y

G

y

d

d

d

d
0

y y
2

2

*
=

*
=

(20)

The advantage of using Gy* is that x*(y) is independent of ΔP
and satisfies the symmetry relation x*(−y) = −x*(y). Hence,
Gy* can be written in the following form:

G A y PV y( )y tot 0* = (21)

where Atot(y) stands for the minimum of the total membrane
elastic energy [i.e., Atot(y) = min(A(M1, V1) + A(M2, V2)]
subject to the constraint that the inner fluid volume in
chamber 2 is (1/2 + y)V0. Notice that Atot(y) satisfies the
relation Atot(−y) = Atot(y).
Further simplification is possible for fluid membranes for

which A(Mi, Vi) can be written as Si*f(Si/Si*). Then, the
condition ∂G(x, y)/∂x = 0 gives the relation S1/S1* = S2/S2* =
S/S*, where S = S1 + S2 is the total surface area of the vesicle
and S* = S0/η2. The free energy Gy* can be written as

G S f S S S f S S PV y

S f S S PV y

( / ) ( / )

( / )
y 1 1 1 2 2 2 0

0

* = * * + * *

= * * (22)

For given a and R0, S depends only upon y. For eq 22, the first
equation in eq 20 gives the following equilibrium pressure ΔP
at state y:

P
f

V
S
y

d
d0

=
(23)

The second equation in eq 20 gives the following equation for
yc at the critical state:

f
S

S
y

f S
y

d
d

d
d

0
2 2

2

i
k
jjjjj

y
{
zzzzz* + =

(24)

where f ′ and f″ stand for the first and second derivatives of the
function f, respectively. In addition, S/S0 is derived from the
geometric relation for a spherical cap and is given by eqs 8 and
9. Finally, the analytical expression of ΔP in eq 23 can be
obtained, but it is too lengthy to present it here.
In Figure 4a, we plot ΔPc of the fluid membrane described

by eq 2 when η = R0/R* = 1.5. Naturally, ΔPc approaches zero

Figure 3. Free energy Gx* of a fluid membrane as a function of x =
M2/M0 − 1/2 when a/R0 = 0.9 for different values of ΔP.

Figure 4. (a) Reduced critical pressure ΔPc/Pref as a function of a/R0
for different membrane models when η = R0/R* = 1.5. Here, Pref
corresponds to ka/R0 for a fluid membrane, μd/R0 for a rubber
membrane, and γ/R0 for a liquid droplet, respectively. The constant
factors in ΔPc/Pref are chosen to have an overlap of different curves
when a/R0 is close to unity. The red circles are the data obtained by
the computational fluid dynamics (CFD) in ref 10. (b) Double-
logarithmic plot of panel a as a function of 1 − a/R0 for different
membrane models when η = 1.5 and 1.
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for a/R0 → 1. In Figure 4b, we show the dependence of ΔPc
on 1 − a/R0 in the double-logarithmic plot. The plot indicates
the scaling relation ΔPc ∼ (1 − a/R0)α. The exponent is α =
3/2 for most cases, whereas the only exception is the case of η =
1 (unswollen vesicle), for which we have α = 7/2.
Further analytical calculation of ΔPc is possible when εa = 1

− a/R0 is small. For εa ≪ 1, we obtain

P
k
R

16 6
9

( 1) (10 7 ) /3

( 1) 3(5 4 )c
a

0

2
a

2
a

3 3/2

2 2
a

2 1/2

[ + ]
[ + ]

(25)

This expression explicitly shows that, apart from the special
case of η = 1, the exponent is α = 3/2. In the limit of η ≫ 1, the
critical pressure becomes

P
R

16 6
9c

0
a

3/2

(26)

where γ = η2ka is the effective surface tension of the vesicle at
the initial state. In the limit of η ≫ 1, the area change of the
vesicle during translocation is small and the vesicle can be
regarded as a liquid droplet (without any membrane), having
the constant surface tension γ.23 Indeed, the same result can be
obtained from the analysis of a liquid droplet whose shape is
controlled only by surface tension, as shown in Appendix B.
3.3. Universality in the Critical Pressure. We have

shown that the critical pressure approaches zero as the hole
size approaches the equilibrium vesicle size according to the
scaling relation ΔPc ∝ (1 − a/R0)3/2. We now show that, apart
from the exceptional case, the exponent α = 3/2 is always valid
for spherical vesicles (for both fluid and elastic membranes) as
long as the free energy is written in the form of eq 4.
We start from the expression for the free energy in eq 21

that is valid for |y| less than a certain value ym > 0. This range of
y becomes smaller as εa becomes smaller. Therefore, we may
expand Atot(y) with respect to y. Because Atot(y) is an even
function of y, Gy* can be written as

G PV y B y B y ...y 0 1
2

2
4* + + (27)

The coefficients B1 and B2 depend upon the vesicle properties
(e.g., size and elasticity) and also the hole size a. For small ΔP
> 0, Gy* has a local minimum at a certain value of y that
satisfies −ym < y < 0. As ΔP increases, the local minimum
disappears and Gy* becomes a monotonically decreasing
function of y. For Gy* to have such a shape change, both B1
and B2 must be positive, whereas the coefficient B1 has to
vanish as εa → 0. Hence, we may assume B1 = b1εa, where b1 is
a positive constant. Then, eqs 20 and 27 give the following
critical state:
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The latter result shows that the relation ΔPc ∼ εa3/2 holds
generally and is independent of the detail of the membrane
property.
The singular behavior for a fluid membrane when η = 1

(black line in Figure 4b) arises from the fact that b1 in the
above argument vanishes. If the vesicle is swollen (η > 1) or if
the membrane is tethered, b1 becomes non-zero and the
exponent α = 3/2 is recovered. To demonstrate this, we
calculate ΔPc for a rubber membrane with eq 15, and the result
is shown in Figure 4b. For the rubber membrane, we see that

the exponent α does not show any singularity at η = 1, as
shown by the orange and red lines in Figure 4b.
3.4. Universality in the Translocation Time. Finally, we

consider the vesicle translocation time τ, i.e., the time needed
for the vesicle to pass through the hole. It can be calculated by
integrating (dx/dt)−1 in eq 18 from the initial value to the final
value

x x
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y
{
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(29)

where xm defines the range of the integration. The trans-
location time τ diverges as ΔP approaches ΔPc. The relation
between τ and ΔP − ΔPc can be obtained by the similar
phenomenological argument as before.
We consider the situation that ΔP is slightly larger than ΔPc.

We define a dimensionless parameter εP = ΔP/ΔPc − 1 > 0,
which is small in the current situation. Then, the translocation
time is essentially determined by the time needed for the
vesicle to pass through the small region near the critical point
xc. In such a case, the friction coefficient ξ(x) can be replaced
by a constant ξc = ξ(xc) and the derivative of Gx* can be
expanded in terms of x − xc as

G
x

C C x x C x x
d

d
( ) ( ) ...x

0 1 c 2 c
2*

= + + +
(30)

where the coefficients Ci (i = 0, 1, 2, ...) are functions of εP.
The condition for the critical state in eq 19 imposes that C0
and C1 must vanish when εP = 0. We may thus assume C0 =
c0εP and C1 = c1εP. In the limit of εP → 0, the integral becomes
independent of xm and c1 and approaches the following
asymptotic value:

x
c C x x c C

d
( ) ( )
c

0 P 2 c
2

c P
1/2

0 2
1/2+

=
(31)

Therefore, the translocation time is proportional to εP−1/2 or
(ΔP − ΔPc)−1/2, which is another universal property of the
vesicle translocation.
3.5. Basic Assumptions. We have shown that the

translocation dynamics of vesicles has certain universal
properties, which are independent of the detail of the
membranes. We now discuss the base of the assumptions
used to derive these properties. There are two important
assumptions: (i) The vesicle is a sphere in free space and takes
a spherical cap shape on both sides of the hole, and its total
volume is kept constant during translocation. (ii) The bending
energy of the membrane is ignorable.
The first assumption is justified for a fluid membrane, but it

is an approximation for an elastic membrane. This assumption
will hold if the vesicle is inflated and the membrane is subject
to tension, but it will not hold for a deflated vesicle or a vesicle
that has wrinkles. The second assumption is different from
previous works. We did not use the Helfrich model24 that is
widely used for lipid membranes because our aim is to study
the effect of membrane stretching. If the 2D area of the
membrane changes, its energy is much larger than the bending
energy because the Föpl von Kaŕmań number (the ratio
between the stretching energy and the bending energy) (R0/
h)2 (h being the thickness of the membrane) is much larger
than unity.
There are other assumptions that are introduced to make the

theory simple, such as (iii) the thickness of the hole is
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ignorable and (iv) the adhesion between the membrane and
the wall around the hole is ignorable. These assumptions can
be removed, and the ignored effects can be included in the
same way as the previous works14,19 but do not affect the
scaling relation proposed in this paper.
3.6. Comparison to Other Works. Thus far, there are

scarce data (experimental or simulation) to be compared to
our predictions. The critical pressure for a droplet passing
through a channel was studied by numerically solving the
hydrodynamic equations,10 and they are plotted by the red
circles in Figure 4a. Furthermore, we give a simple estimation
of ΔPc using eq 25. In the experiment, the typical radius of a
polymersome is R0 ≈ 20 μm, and its stretching modulus is ka ≈
0.1 N/m3. Considering a/R0 = 0.8 and η = 2, we obtain ΔPc ≈
3 × 103 Pa, which is consistent with the above work.10

Other work to be compared is the molecular dynamics
simulation for the translocation of tethered vesicles by
Ranguelov et al.15 They reported the existence of ΔPc and
studied the exponent ω, which describes the divergence of the
translocation time as τ ∼ (ΔP − ΔPc)−ω. They found that ω
varies from 0.22 to 0.85 depending upon the hole size.
Although our theory is not in contradiction with their results,
the reason for the deviation needs to be studied.

4. CONCLUSION
We have shown that there is a universality in the translocation
of a wide class of vesicles that take spherical shapes in the free
state: (i) there is a critical pressure difference ΔPc for the
translocation to take place; (ii) the critical pressure obeys the
scaling relation ΔPc ∼ (R0 − a)3/2; and (iii) the translocation
time diverges as τ ∼ (ΔP − ΔPc)−1/2. We have shown that they
are in agreement with rigorous calculations for fluid
membranes and an approximate calculation for rubber
membranes. More studies are needed to confirm the validity
of the present theory. Finally, we hope that the universality as
shown in our theory will provide insight into the applications
of the vesicle translocation in living systems.

■ APPENDIX A

Proof of Equivalence of the Two Ways in Determining
Critical Points
We consider a free energy function G(x, y, P), which has two
independent variables x and y and includes a parameter P. The
equilibrium state is given by

G
x

G
y

0, 0= =
(A1)

Suppose that the above local minimum becomes unstable at a
certain critical value Pc. It can be obtained in two ways:
(i) Pc is obtained by solving the following set of equations:
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The first two equations indicate that G(x, y) becomes
stationary at (xc, yc), and the third equation indicates that
the same stationary state is at the stability limit.
(ii) We reduce the two-variable function G(x, y) to a one-

variable function

G G x y G x y xmin ( , ) ( , ( ))x
y

* = = *
(A3)

where y*(x) is the solution of ∂G/∂y = 0. Then, Pc is obtained
by the condition that the local minimum of Gx* becomes
unstable at Pc.
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These two methods are equivalent and give the same value for
Pc. This is proven as follows:
We use the formula
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Then, using the relation ∂G(x, y*)/∂y = 0, we obtain
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Using eq A5, we have
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On the other hand, because ∂G(x, y*)/∂y = 0, we have
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Therefore, dy*/dx = −(∂2G/∂x∂y)/(∂2G/∂y2). Hence, the
second condition in eq A4 is written as
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This condition is equivalent to eq A2. Similarly, we can prove
the equivalence using the variable y.
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■ APPENDIX B

Derivation of the Liquid Droplet Case
The free energy G for the case of the liquid droplet surface has
the following form:

G y S y S y PV y( ) ( ) ( )1 2 0= + (B1)

where y = V2/V0 − 1/2 and Si(y) can be obtained from eqs 8
and 9. Minimizing G(y) with respect to y, we obtain
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By taking the same strategy as the fluid membrane case, the
analytical expression of ΔPc is given as
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